This paper studies the global dynamics of a general pathogenic infection model with two ways of infections. The effect of antibody immune response is analyzed. We incorporate three discrete time delays and both latently infected cells and actively infected cells. The infection rate and production and clearance/death rates of the cells and pathogens are given by general functions. We determine two threshold parameters to investigate the global stability of three equilibria. We use Lyapunov method to establish the global stability. We support our theoretical results by numerical simulations.
Introduction
The study of mathematical modeling and analysis of pathogen infection is helpful for understanding within-host pathogen dynamics; therefore, it has attracted the attention of many researchers during the last decades [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . In [1] , Nowak and Bangham proposed a simple model for the interaction between a replicating virus and host cells. In the same work, they proposed a second model that improves the first model by including the cytotoxic T lymphocytes (CTL) immune response against infected cells. Several extensions of [1] without immunity are given in [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and with CTL immune response in [18, 19] . Antibodies which are produced from the B cells play a prominent role in pathogen dynamics. The function of antibodies is to attack and kill pathogens. Based on the first simple model introduced in [1] and the fact that antibody immune response is more effective than CTL in some infections [20] , Murase et al. [21] proposed a mathematical model that describes the interactions between the target cells, the pathogens, and the antibody immune response. This model is given as follows:
(1)̇(
where ( ), ( ), ( ), and ( ) are the concentrations of susceptible cells, actively infected cells, pathogens and antibodies, respectively. In the literature, several modifications have been done on model (1)-(4) (see, e.g., [22] [23] [24] [25] [26] [27] [28] [29] ). In model (1)-(4), the infection rate is given by bilinear incidence which may be not reasonable to describe the dynamics of the pathogen during the several stages of infection [4] . Pathogen dynamics models with antibodies and general incidence rate have been studied in several works (see, e.g., [24] [25] [26] ), but with only pathogen-to-cell transmission. In [30] , the authors considered only cell-tocell transmission in order to model the interaction of the healthy and infected cells. Both ways of transmissions have been considered in [31] [32] [33] [34] [35] [36] [37] , but without humoral immunity. In 2017, Lin et al. [38] presented a mathematical model with 2 Discrete Dynamics in Nature and Society humoral immunity and both ways of transmissions that are modeled by two bilinear functions.
Although antiviral drug therapies can significantly limit the level of viruses in the blood, there is still a low viral load due to ongoing latently infected cells reactivation. These cells play the role of viral reservoirs and are considered a major hurdle to virus clearance in patients under treatment. Variant models have been developed to study the dynamics of pathogens in the presence of latent reservoirs (see, e.g., [24, [39] [40] [41] [42] [43] ). Recently, Elaiw et al. [44] have studied the global stability of a general pathogen dynamics model with delay and with both cellular and pathogenic infections by assuming that all the infected cells are active. In [45] , a class of latently infected cells has been added in pathogen dynamics with two routes of infections but with specific forms of the incidence rate and production and clearance/death rates of the pathogens and cells.
The main objective of this study is to develop a general pathogenic infection model with two ways of infections, antibody immune response, three discrete time delays, and both latently infected cells and actively infected cells. This model is described by the following nonlinear system:
where the fractions and (1 − ) with 0 < < 1 are the proportions of infection that lead to latency and actively, respectively. The functions F, , 1 , 2 , , , 1 , and 2 are continuously differentiable and satisfy the following hypotheses:
(H1) (i) there exists 0 > 0 such that
there exists > 0 and > 0 such that F( ) ≤ − for all ≥ 0.
(H2) (i) (ℓ), (ℓ), (ℓ), (ℓ), (ℓ) > 0 for all ℓ > 0 and (0) = (0) = (0) = (0) = (0) = 0, = 1, 2,
(ii) (ℓ) > 0, (ℓ) > 0, (ℓ) > 0 and (ℓ) > 0 for all ℓ ≥ 0, = 1, 2, (ℓ) > 0 for all ℓ > 0, (iii) there are 1 , 2 , 3 , and 4 > 0 such that (ℓ) ≥ 1 ℓ, (ℓ) ≥ 2 ℓ, 1 (ℓ) ≥ 3 ℓ, and 2 (ℓ) ≥ 4 ℓ for all ℓ ≥ 0.
(H3) ( 1 ( )/ 1 ( )) ≤ 0 and ( 2 ( )/ ( )) ≤ 0 for all , > 0.
Let the initial conditions for system (5)-(9) be given as
where = max{ 1 , 2 , 3 } and is the Banach space of continuous functions mapping the interval [− , 0] into R ≥0 with norm ‖ ‖ = sup − ≤ ≤0 | ( )|. This shows the uniqueness of the solution for > 0. (11) are nonnegative and ultimately bounded.
Properties of Solution

Lemma 1. Let (H1), (H2), and (H3) be valid. Then, the solutions of system (5)-(9) with initial conditions
Proof. System (5)-(9) can be written as ( )/ = ( ( )), where
) ,
and
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It follows that
Any solution of system (5)- (9) with the initial conditions (11) satisfies ( ) ∈ R
5
≥0 for all ≥ 0 [46] . Hence, R 5 ≥0 is positively invariant for system (5)- (9) .
From (5), we obtain( Define the feasible region
Clearly, Γ contains omega limit sets of system (5)- (9) and is also positively invariant for the system. Proof. Let Θ( , , , , ) be any equilibrium satisfying
From (24), we have either 2 ( ) = 0 or 2 ( ) ̸ = 0. First, we consider 2 ( ) = 0; then using (H2), we obtain = 0. From (20) - (23), we obtain
where
Hypothesis (H2) implies that the following functions:
are strictly increasing and continuous. Substituting (27) into (20), we get
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According to (H1) and (H2), we have 1 (0) = −F(0) < 0 and 1 ( 0 ) = 0. Substituting = 0 in (27), we get = 0, = 0, and = 0. This yields pathogen-free equilibrium Θ 0 = ( 0 , 0, 0, 0, 0). Now from (29), we get
Moreover, from (25), we have
Therefore, (30) becomes
Hypothesis (H2) implies that
From (H1), we have F ( 0 ) < 0. Since 1 (0) < 0 and
then 1 ( 0 ) < 0 and there exists 1 ∈ (0, 0 ) such that 1 ( 1 ) = 0. If inequality (34) is satisfied, then from (27) and (H1)-(H2), we have
It follows that an infected equilibrium without antibodies (34) is satisfied. Therefore, we can define the basic reproduction number for system (5)- (9) as
Let R 0 = R 01 + R 02 , where
The other possibility of (24) is 2 ( ) ̸ = 0 and (20)- (22) and define function 2 ( ) as
Based on (H1) and (H2), we have 2 (0) = −F(0) < 0 and
From (H2), we have if ( − 3 3 / ) ( 2 ) > 1, then 2 > 0. Now we can define
which represents the antibody immune response activation number. We
Global Properties.
It should be noted that finding an appropriate Lyapunov functional for higher-order nonlinear delay differential equations is a more difficult task. For the construction of Lyapunov functional of fifth-order nonlinear differential equations with multiple deviating arguments, we refer the reader to the work [47] . Here, we study the global stability of equilibria of system (5)- (9) by means of direct Lyapunov method. We first define a function ( ) = − 1 − ln and use the notation ( , , , , ) = ( ( ), ( ), ( ), ( ), ( )).
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Proof. Define 0 ( , , , , ) as
where is defined by (26) . It is seen that 0 ( , , , , ) > 0 for all , , , , > 0, while at the pathogen-free equilibrium Θ 0 , we get 0 ( 0 , 0, 0, 0, 0) = 0. Calculating 0 / along system (5)- (9), we obtain
Collecting terms of (43), we get
From (H3), we have
We have
Therefore, we obtain
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Therefore, if R 0 ≤ 1, then 0 / ≤ 0 for all , , > 0. Moreover, 0 / = 0 when ( ) = 0, ( ) = 0, and ( ) = 0 . The solutions of system (5)- (9) 
Then, ( ) = 0. Similarly, from (7), we get ( ) = 0. It follows that D 0 = {Θ 0 }. From LaSalle's invariance principle, Θ 0 is GAS when R 0 ≤ 1.
Remark 4. From (H1)-(H3), we have
Thus,
Obviously, the equilibrium Θ 1 does not exist if R 0 < 1, and Θ 1 = Θ 0 if R 0 = 1. When R 0 > 1, we have the following theorem. (9) , assume that R 1 ≤ 1 < R 0 and let (H1)-(H3) be held true; then, Θ 1 is GAS.
Theorem 5. For system (5)-
Proof. Let 1 ( , , , , ) be given as follows:
We have 1 ( , , , , ) > 0 for all , , , , > 0 and
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Simplifying (54), we get
) .
(55)
The components of Θ 1 satisfy
,
We get
Using the equalities in case of = 1,
If
. Then according to (H1)-(H3), we have 1 / ≤ 0. The solutions of system (5)- (9) tend to D 1 the largest invariant subset of D 1 = {( , , , , ) :
1 / = 0}. It is easy to show that D 1 = {Θ 1 }. Applying LaSalle's invariance principle, we get that if R 1 ≤ 1 and R 0 > 1, then Θ 1 is GAS.
On the other hand, it is not hard to verify that the equilibrium Θ 2 does not exist if R 1 < 1, and Θ 2 = Θ 1 if R 1 = 1. When R 1 > 1, we have the following result. (9) , suppose that R 1 > 1 and let (H1)-(H3) be held true; then, Θ 2 is GAS.
Theorem 6. For system (5)-
Proof. Consider 2 ( , , , , )
We have 2 ( , , , , ) > 0 for all , , , , > 0, while 2 reaches its global minimum at Θ 2 . Calculate 2 / as
Simplify (61) as
The components of Θ 2 satisfy
we get
Using equalities (58) when ( = 2), we obtain
From (H1)-(H3), we have that 2 / ≤ 0 for all , , , and > 0. One can show that 2 / = 0 at Θ 2 ; then apply LaSalle's invariance principle to show the global asymptotic stability of Θ 2 .
Numerical Simulations
For numerical simulation purpose, we consider model (5)- (9) with the following specific functions: 
Hence, (H2) (i)-(ii) are satisfied. Moreover, (H2) (iii) is satisfied, where 1 = 2 = 3 = 4 = 1. Finally, we have
Thus, (H3) is also valid. With the above choice, system (5)-(9) will bė
where is the Holling-type II constant. The numbers R 0 and R 1 are given as Therefore, Theorems 3-6 are valid for such choice. Let us consider = 1 = 2 = 3 and the following initial values:
IV 3 : 1 ( ) = 400, 2 ( ) = 6, 3 ( ) = 9, 4 ( ) = 15,
The stability of the equilibria will be investigated by varying some parameters , , 1 , 2 , and and fixing the other parameters as = 10, = 0.01, = = 0.5, = 2, = 0.5, = 0.05, = 10, = 0.1, = 0.1, and
Case (I) (effect of the parameters 1 , 2 , and ). We take = 0, = 0. We choose three sets of the parameters 1 , 2 , and to confirm Theorems 3-6 (see Figure 1) . Case (II) (effect of the Holling-type II parameter). Let us take IV 1 and choose the values 1 = 0.0006, 2 = 0.0006, = 0, and = 0.04. Figure 2 and Table 1 show the effect of Holling-type II parameter on the stability of the system. We observe that as is increased, the pathogen-to-susceptible and infected-to-susceptible transmission rates are decreased. Then, the concentrations of the susceptible cells are increased, while the concentrations of the infected cells and free pathogens are decreased. In addition, (i) Θ 2 is GAS when 0 ≤ < 0.00099, (ii) Θ 1 is GAS when 0.00099 ≤ < 0.00129, (iii) Θ 0 is GAS when ≥ 0.00129. Case (III) (effect of time delay parameters). For this case, we take IV 4 and choose the values 1 = 0.0006, 2 = 0.0006, = 0.00035, and = 0.04. Figure 3 and Table 2 show the effect of the time delay on the dynamical behavior of the pathogen. We have the following cases:
Set (1)
(i) Θ 2 is GAS when 0 ≤ < 0.2412, (ii) Θ 1 is GAS when 0.2412 ≤ < 0.314637, (iii) Θ 0 is GAS when ≥ 0.314637.
Therefore, if the time delay is long enough, then the system can be stabilized around Θ 0 , where the pathogens are cleared
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